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ON THE RANK OF THE FIBERS OF ELLIPTIC K3 SURFACES
CECILIA SALGADO
Abstract. Let X be an elliptic K3 surface endowed with two distinct Jacobian elliptic
fibrations pii, i = 1, 2, defined over a number field k. We prove that there is an elliptic curve
C ⊂ X such that the generic rank over k of X after a base extension by C is strictly larger
than the generic rank of X . Moreover, if the generic rank of pij is positive then there are
infinitely many fibers of pii (j 6= i) with rank at least the generic rank of pii plus one.
1. Introduction
We investigate elliptic K3 surfaces X over a number field k. By this, we mean a smooth
projective geometrically connected surface X with trivial canonical class and H1(X,OX) = 0
(K3 surface) and with a flat morphism π to a projective curve B such that all but finitely
many fibers are elliptic curves (elliptic surface). Moreover, the elliptic fibrations considered
throughout this paper are Jacobian, i.e., endowed with a section defined over k.
We are interested in comparing the Mordell-Weil rank rt of the fibers π
−1(t) above a k-
rational point t ∈ B(k) with the Mordell-Weil rank r of the generic fiber Xη.
A theorem on specializations by Ne´ron [10], treated in the setting of elliptic surfaces by
Silverman [16], assures that for all but finitely many t ∈ B(k), we have
rt ≥ r.
A natural question arises:
Question 1: What can be said about the set
(1) {t ∈ B(k), rt ≥ r + 1}?
Different methods have been used to tackle this problem for special classes of elliptic surfaces,
but, so far, a general technique for solving the question in complete generality is lacking.
If the fibrationX → B is non-isotrivial, then Helfgott, studying the behavior of root numbers
in families of elliptic curves, showed, under classical conjectures, that the above set is infinite
(see [3] and [4]). Rohrlich in [12] and Manduchi in [9] also analyzed root numbers in families
of elliptic curves, obtaining results for elliptic surfaces in the case k ≃ Q and B ≃ P1.
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Question 1 has not been explicitly treated so far in the literature for surfaces with Kodaira
dimension zero or larger. In [2], Bogomolov and Tschinkel proved potential density of the
set of rational points on K3 surfaces endowed with an elliptic fibration or with an infinite
automorphism group. As a corollary of their result, K3 surfaces with a rank zero elliptic
fibration defined over a number field k have infinitely many fibers with positive rank over a
finite extension of k.
In this paper, we prove that the set in (1) is infinite for K3 surfaces endowed with two
distinct Jacobian elliptic fibrations with positive rank. This will follow from Theorem 1,
which states that given such a K3 surface with Jacobian elliptic fibrations π1 and π2, then
the Mordell-Weil rank of πi jumps after a base change by an elliptic curve. This elliptic
curve belongs to the set {π−1j (t); t ∈ P1}, with i 6= j.
Motivation: The Kodaira dimension of an elliptic surface can be -1, 0 or 1. Elliptic surfaces
with Kodaira dimension -1 are rational elliptic surfaces or trivial ones, i.e., of the form E×P1
where E is an elliptic curve. For the latter, the rank of the fibers is constant, equal to the
rank of E. The former class was the subject of [1], where Billard showed that if k = Q and
X is a non-isotrivial rational elliptic surface that is Q-birational to P2, then the above set
is infinite. Later the author extended the class of rational elliptic surfaces considering the
problem over an arbitrary number field and showing that if X is a rational elliptic surface
with a k-minimal model of degree at least three, then the above set is infinite and, under
some extra conditions, that the set
{t ∈ B(k), rt ≥ r + 2}
is also infinite (see [13] and [14]).
The class of surfaces with Kodaira dimension zero possibly admitting an elliptic fibration
contains Enriques, K3 and bielliptic surfaces. For the first class, the fibration does not have
a section since there are multiple fibers. Bielliptic surfaces are naturally equipped with two
distinct elliptic fibrations. One of these fibrations has multiple fibers and thus no section.
The other has an elliptic base E and fibers generically isomorphic to E, in which case the
problem of comparing the rank of the fibers becomes trivial. We are left with elliptic K3
surfaces. These surfaces cannot only admit an elliptic fibration with a section, but, moreover,
they are the only surfaces that can be (Jacobian) elliptic in more than one way (admitting
two distinct elliptic fibrations with a section).
As a natural follow-up of [14], we address the problem of comparing the rank of the generic
and special fibers for elliptic K3 surfaces obtaining a class of elliptic K3 surfaces for which
the set in (1) is infinite (Theorem 1).
Surfaces with Kodaira dimension 1 are always elliptic. Much less is known about their
geometry and arithmetic.
Remark 1: The question raised above makes sense for any elliptic surface with a section.
Certainly, due to Faltings’ Theorem, the most interesting case concerns surfaces fibering over
rational or elliptic curves B with a positive Mordell-Weil rank.
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The paper is organized as follows. In Section 2, we give a very brief overview of elliptic
K3 surfaces and state the main result of the paper (Theorem 1). Section 3 is dedicated to
proving this theorem, while Section 4 is devoted to examples of elliptic K3 surfaces with
more than one elliptic fibration and to applying Theorem 1 to them.
2. Elliptic K3 surfaces
2.1. Basic facts.
Let X be an elliptic K3 surface. If the fibration π : X → B is Jacobian then Pic0(X) ≃
Pic0(B) (notice that this holds for any elliptic surface). Thus B ≃ P1.
Different from rational elliptic surfaces, whose Picard group has rank 10, K3 (not necessarily
elliptic) surfaces satisfy:
rank(Pic(X)) ≤ 20.
In any elliptic surface the fiber components and the zero section generate a rank two subgroup
of the Picard group and hence necessary condition for a K3 surface to have an elliptic fibration
is rank(Pic(X)) ≥ 2. For sufficiency, note that by [15, Theorem 1] X has an elliptic fibration
if and only if the Picard lattice SX represents zero, i.e., there exists 0 6= x ∈ SX such that
x2 = 0. This last condition is assured by a higher bound, namely
rank(Pic(X)) ≥ 5.
Explicit examples of elliptic K3 surfaces for each possible value have been computed (see [7]
for elliptic K3 with Mordell-Weil rank between 0 and 18 except for 15. This last case was
covered in [6]).
Another important characteristic of K3 surfaces is the possibility of admitting more than
one Jacobian elliptic fibration. We will exploit this feature to give an answer Question 1.
We now consider the subclass of elliptic K3 surfaces of our interest.
2.2. Two distinct elliptic fibrations with a section.
We propose in this subsection the following question:
Question 2: When is a K3 surface endowed with two distinct elliptic fibrations?
Example A: In the case X is a Kummer surface associated to the product of two elliptic
curves, Nishiyama described in [11] all possible distinct Jacobian elliptic fibrations in it.
Kummer surfaces provide thus a good source of K3 surfaces with distinct elliptic fibrations
on it.
Example B: An interesting class of elliptic K3 surfaces is the one of surfaces obtained by a
quadratic base-change of a rational elliptic surface. Let π0 : X0 → B0 be a rational elliptic
3
surface and ϕ : B → B0 a degree two morphism. If ϕ is not ramified above a non-reduced
fiber of π0 then X = X0 ×B0 B is a K3 surface. Under certain conditions these surfaces are
also endowed with at least two distinct elliptic fibrations. Namely, if there is a non-constant
linear pencil of rational curves {Ct}t∈P1 in X0 that are not in the same numerical class as B
and such that the morphism Ct → B0 given by the restriction of the fibration X0 → B0 has
degree two. The curves Ct ×B0 B give an elliptic fibration on X that is clearly distinct from
the fibration X → B. Since rank(Pic(X0)) = 10, X will satisfy rank(Pic(X)) ≥ 10.
Remark 2: To increase the rank of the fibers the new base must have infinitely many k-
rational points. Thus, by Faltings’ Theorem, we must have g(Ct×B0 B) ≤ 1. An application
of the Hurwitz Formula assures that this will be the case when both curves Ct and B are
rational and the morphisms B,Ct → B0 are of degree two.
In [13] and [14] we provide a large class of rational elliptic surfaces that contain such pencils
of rational curves defined over the base field. Those are the surfaces satisfying the hypothesis
of [14, Theorem 1.3].
We now state the main result of this article. It tells us that on K3 surfaces with more than
one Jacobian elliptic fibration, one of the fibrations can be used to produce an independent
new section in the Mordell-Weil group of the other fibration after base-change.
Theorem 1. Let X be a K3 surface defined over a number field k; suppose X is endowed
with at least two distinct elliptic fibrations πi : X → Bi ≃ P1, i = 1, 2.
Then there is an elliptic curve C such that
rank((X ×Bi C)(k(C))) ≥ rank(X(k(Bi))) + 1.
Corollary 2. Let X be a K3 surface as in Theorem 1. If rank(X(k(Bj))) > 0, then
#{t ∈ Bi(k); rt ≥ r + 1} =∞,
where j 6= i, r = rank(X(k(Bi))) and rt = rank(π−1i (t)(k)).
3. Proof of Theorem 1
3.1. Base-change. Let E → B = P1 be a Jacobian elliptic surface and ι : C ′ →֒ E an
irreducible curve. Let ν : C → C ′ be its normalization. The composition of the applications
above ϕ = ν ◦ ι ◦ π gives us a finite covering ϕ : C → B.
E
pi

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ν //
ϕ
>>C
′ //
ι
>>
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
B.
We obtain a new elliptic surface by taking the following fibered product:
πC : E
C = E×B C → C
4
Each section σ of E induces naturally a section in EC :
(σ, id) : C = B ×B C → E×B C.
We will call these sections old sections. The surface EC has also a new section given by
σnewC = (ι ◦ ν, id) : C → E×B C
Remark 3: If C is not contained in a fiber nor in a section, then the new section is different
from the old ones, but it is not necessarily linearly independent in the Mordell-Weil group.
3.2. Main lemma. There are many ways of verifying if a given section is independent of
a set of sections in an elliptic surface. One of them consists in computing the determinant
of the height matrix associated to these sections. Since we are not interested in a specific
elliptic surface we cannot compute such determinant (the height pairing requires information
such as the bad fiber configuration and the generators of the Mordell-Weil group). For us
the most useful way to check independence will be the following criteria:
Criteria: A curve C →֒ X that is not a section nor a component of a fiber induces a new
section in X ×B C independent of the old ones if and only if for every section C0 →֒ X and
every n ∈ N, the curve C is not a component of [n]−1(C0).
In what follows we will need the following definition.
Definition 3. Let X be a surface and C be a set of curves in X. We will say that C is a
numerical family if all its members belong to the same numerical class on PicX.
The following lemma states that for a numerical family of curves in X all but finitely many
induce an independent new section on the base-changed surface: it suffices to verify the
above criteria for finitely many n ∈ N and finitely many sections C0 in the Mordell-Weil
group.
Lemma 4. Let π : X → P1k be an elliptic surface. Let L = {Lt : t ∈ P1} be a non-constant
numerical family of curves in X whose generic member is an irreducible curve which is
neither a section nor a fiber of π. Then, for almost all t ∈ P1(k), the new section σnewLt is
independent of the old sections.
The main tools used to prove this lemma are:
i) Kummer theory for elliptic curves to bound the set of natural numbers n that one
has to consider in the criteria, and
ii) Ne´ron-Tate height on elliptic surfaces, which is determined by the intersection number
of the curve with the components of the fibers and the generators of the Mordell-
Weil group, to bound the set of sections C0 such that for a fixed n, the curve [n]
−1C0
contain a given curve as a component.
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For a complete proof of it see [14, Proposition 4.2].
Proof of Theorem 1:
By Lemma 4, it suffices to observe that the set of fibers of πj is a non-constant numerical
family of curves in X that are not contained in sections nor in the fibers of πi for i 6= j.
In fact, the curves π−1j (t) form a numerical family since they are fibers of an elliptic fibration
in X . Since they are (almost all) irreducible smooth genus one curves, they are not compo-
nents of sections. Also, because they form a distinct fibration, by hypothesis, they cannot
be components of the fibers of πi.
It follows from Lemma 4 applied to the numerical family {π−1j (t); t ∈ Bj(k)} that for all
but finitely many t ∈ Bj(k), the curves π−1j (t) induce a new independent section on the
base-changed surface. Pick C to be one of these curves then (X ×Bi C)(k(C)) has generic
rank strictly larger than the generic rank of X(k(Bi)). 
Proof of Corollary 2:
By the hypothesis, the new base C = π−1j (t), for a given t ∈ Bj(k), has infinitely many k-
rational points. The corollary will follow from the theorem after an application of Silverman’s
Specialization Theorem. 
Remark 4: If one of the fibrations has rank zero then the argument presented in [2] is
enough to show that infinitely many fibers have positive rank. It suffices to find a curve C
such that the restriction of the fibration C → B is ramified in the smooth locus. Since the
restriction of the fibration to torsion sections is e´tale the section induced by the base-change
by C will be of infinite order.
4. Examples
Example 1: A Kummer surface given by a double cover of a rational elliptic
surface
We consider the K3 elliptic surface X → B ≃ P1 whose generic fiber is given by
y2 = x(x+ 1)(x+ c2) ; where c =
t2 − 1
t2 + 1
.
As remarked by Piatetski-Shapiro and Shafarevich in [15], this surface is the Jacobian of the
Fermat quartic in P3 given by
x4
0
− x4
1
= x4
2
− x4
3
where the elliptic fibration considered is given by the equations
x2
0
+ x2
1
= t(x2
2
− x2
3
) ; t(x2
0
− x2
1
) = x2
2
+ x2
3
.
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Its degenerate fibers are all of type I4. They are located above t =,∞,−1, 0, 1, i,−i. It
follows from the Shioda-Tate formula applied to X that the generic rank of this elliptic
fibration over Q¯ is zero.
One sees imediately that X comes quadratically from the rational elliptic surface X0 whose
generic fiber is
y2 = x(x+ 1)(x+ d2) ; where d =
t− 1
t+ 1
via the quadratic morphism
ϕ : D ≃ P1 → B0 ≃ P1 t 7→ t2.
The singular fibers of X0 are of type I2, I2, I4, I4 and are located above 0,∞, 1 and −1. The
set of degenerate fibers is defined over Q, thus the I2 fibers, that may be conjugate under
the Galois group, constribute with at least one unity to the rank of the group NS(X0|Q),
and the I4 fibers contributes with at least two unities to the rank of NS(X0|Q). By the
Shioda-Tate formula we have
rank(NS(X0|Q)) ≥ 2 + 1 + 2 = 5.
Thus a k-minimal model of X0 has degree at least three. It follows from [14, Corollary 0.2.4]
that X0 has infinitely many fibers with rank equal to at least the generic rank plus one.
Since X dominates X0 the same holds true for X .
Example 2: Two fibrations on a Kummer surface not coming quadratically from
a rational elliptic surface:
In [11] Nishiyama describes all Jacobian fibrations associated to certain Kummer surfaces.
We consider here one of these surfaces.
Let Eζ3 = C/(Z + ζ3Z) and X = X3, defined over k = Q(ζ3), the minimal resolution of the
surface
Eζ3 ×Eζ3/ < σ : (z1, z2) 7→ (ζ3z1, ζ−13 z2) >, (ζ3 =
−1 +√−3
2
).
The surface X is K3 and is endowed with six distinct Jacobian fibrations [11, Theorem 3.1]
among which two have positive generic rank over k.
The two fibrations are the following:
π1 : X → B1; with bad fibers of type 2III∗, I∗6 ,
and
π2 : X → B2; with bad fibers of type III∗, I18.
The fibration π1 cannot come quadratically from a rational elliptic surface since such a
surface can never have fibers of type I∗
6
, and a fiber of type I∗
3
induces either two fibers
of type I∗
3
, or one fiber de type I6 after a quadratic base-change. The same holds for the
fibration π2 since no fiber becomes a fiber of type III
∗ after a quadratic base-change.
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The curves in the pencil
L = {Ct = π−12 (t); t ∈ P1(k)}
are not components of the fibers nor of the sections of π1. They satisfy:
#Ct(k) =∞ for almost all t ∈ P1(k).
It follows from Lemma 4 that almost all Ct ∈ L induce an independent section in X ×B1 Ct.
We have
rank(X ×B1 Ct(k(Ct))) ≥ rank(X(k(B1))) + 1
and
#{t ∈ B1(k); rt ≥ r1 + 1} =∞,
where r1 = 1 is the generic rank of π1 and rt is the rank of the Mordell-Weil group π
−1
1
(t)(k).
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